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Abstract. We show an extension theorem for strictly contracting bilinear mappings into a
spherically complete valued vector space and we apply this result to prove that every maximal
valued division algebra having the same characteristic as its residue division algebra is spheri-
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In his classical paper [5], Kaplansky proved that a valued field ðK ; v;G0Þ is maximal if
and only if any pseudoconvergent sequence has a pseudolimit in K; moreover, under
the ‘‘Hypothesis A’’, ðK; v;G0Þ is isomorphic to a Hahn field of formal power series
with a factor system. The equivalence of maximality and pseudocompleteness can
also be shown for valued abelian groups (see [3], [9] and [11]) and certain classes of
valued modules (see [6]). It is still an open question for valued skewfields; in this
context, Brungs and To¨rner gave an example of a maximal right chain ring which is
not pseudocomplete (see [2]).
The purpose of this paper is to state the positive result for a valued division algebra
in the sense of Zelinsky [16] having the same characteristic as its residue division alge-
bra. This is a generalization of [15, Satz 5] where we give criteria for the embeddability
of a valued division algebra into an appropriate Hahn division algebra. Here, we also
rely on these Hahn division algebras of formal power series constructed and studied in
[12] and [13], but we have to modify their multiplication applying an extension theo-
rem for strictly contracting mappings into a spherically complete valued vector space.
Omitting the algebraic structure of the objects mentioned above, we obtain an ul-
trametric space (with a totally ordered value set). The theory of ultrametric spaces
(even with partially ordered value set) was developed by Prieß-Crampe and Riben-
boim in their papers [8], [9] and [10]; for the convenience of the reader we will recall
the main results of this theory we are going to make use of in the sequel.
Let X be a set, and let ðG;aÞ be a (totally) ordered set and G0 ¼ GW f0g with 0 < g
for all g A G. A mapping d : X  X ! G0 is called an ultrametric distance, if the fol-
lowing conditions are satisfied for all x, y and z A X :
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. dðx; yÞ ¼ 0, x ¼ y.
. dðx; yÞ ¼ dðy; xÞ.
. dðx; zÞaMaxfdðx; yÞ; dðy; zÞg.
In this situation, ðX ; d;G0Þ is called an ultrametric space. For x; y; z A X with dðx; yÞ0
dðy; zÞ we even have dðx; zÞ ¼ Maxfdðx; yÞ; dðy; zÞg.
An equivalence relation s on X is called d-compatible, if for all x; x 0; y; y 0 A X with
xsy and dðx 0; y 0Þa dðx; yÞ we also have x 0sy 0. The set 1ðXÞ of all d-compatible
equivalence relations on X is a complete totally ordered set with respect to J. The
most important examples are 1g and 1
g for a g A G with x1g y , dðx; yÞa g
and x1
g y , dðx; yÞ < g for all x; y A X , respectively. The equivalence classes of
1g and 1
g are precisely the balls X
gðxÞ ¼ fy A X j dðx; yÞa gg and XgðxÞ ¼
fy A X j dðx; yÞ < gg with centre x and radius g, respectively. Any set of pairwise non-
disjoint balls is a chain with respect to J.
By [7], the following completeness properties are equivalent:
. ðX ; d;G0Þ is spherically complete: any chain of balls X gðxÞ with x A X and g A G
has a non-empty intersection.
. ðX ; d;G0Þ is pseudocomplete: any pseudoconvergent sequence has a pseudolimit in
X.
. ðX ; d;G0Þ satisfies the ultrametric Banach’s Fixed Point Theorem: any strictly con-
tracting mapping f : X ! X , i.e., dð f ðxÞ; f ðyÞÞ < dðx; yÞ holds for all x; y A X
with x0 y, has a fixed point in X.
Analyzing the proof of [7, Satz 1], we realize that in a spherically complete ultra-
metric space any chain of balls has a non-empty intersection.
A subset U of X endowed with the restriction d ¼ djUU of d to U is again an
ultrametric space. The extension ðU ; d;G0Þ  ðX ; d;G0Þ is said to be immediate, if
dðU UÞ ¼ dðX  X Þ holds and if for all u A U and x A X with u0 x there exists
u 0 A U with dðu 0; xÞ < dðu; xÞ. An ultrametric space without any proper immediate
extension is called maximal. By [10, Theorem 7.9] and [11, Theorem 2.3], an ultra-
metric space is spherically complete if and only if it is maximal.
The most important examples of spherically complete ultrametric spaces are the
Hahn spaces of formal power series; in this paper, we only consider a special case.
Let G0 be a totally ordered set as above, and let M be a set with at least two elements
and 0 AM. The Hahn space H ¼ ðH; dH;G0Þ consists of all mappings f : G! M with
dually well-ordered support suppðfÞ ¼ fg A G j fðgÞ0 0g, i.e., suppðfÞ is well-ordered
with respect to the opposite order, and carries the ultrametric distance
dHðf;gÞ ¼ Maxfg A G j fðgÞ0gðgÞg; if f0g
0; if f ¼ g

:
Usually, the formal power series f A H is symbolized by
P
g AG fðgÞtg using the inde-
terminate t; thus, mtg represents the element of H with
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ðmtgÞðg 0Þ ¼ m; if g
0 ¼ g
0; if g 00 g

for m AM and g A G.
We use the same definition of a valued group and a valued field as [9]; for the
convenience of the reader, we recall the notion of a valued division algebra. We con-
sider a division algebra ðN;þ; Þ, i.e.,
. ðN;þÞ is an abelian group with neutral element 0,
. ðN ; Þ with N  ¼ Nnf0g is a loop with neutral element 1,
. a  ðbþ cÞ ¼ a  bþ a  c and ðaþ bÞ  c ¼ a  cþ b  c hold for all a; b; c A N.
Hence, a division algebra with an associative multiplication is a skewfield. Let G be
endowed with a multiplication  such that ðG;  ; e;aÞ becomes a totally ordered loop
with neutral element e; we extend the multiplication to G0  G0 ! G0 by putting
g  0 ¼ 0 and 0  g ¼ 0 for all g A G0. A mapping v : N ! G0 is called a valuation, if
the following conditions are satisfied for all x and y A N:
. vðxÞ ¼ 0 , x ¼ 0.
. vðx  yÞ ¼ vðxÞ  vðyÞ.
. vðxþ yÞaMaxfvðxÞ; vðyÞg.
In this situation, ðN; v;G0Þ is called a valued division algebra. This can be regarded as
a special case of the concept of a uniformly valued ternary field developed by Kalho¤
in [4]; we should mention that G carries the dual order ad in [16], i.e., for all g, g
0 A G
we have gad g
0 if and only if g 0 a g holds.
For all these algebraic structures, the valuation v induces an ultrametric distance dv
by dvðx; yÞ ¼ vðx
 yÞ for all x and y.
In the following, we transfer the general construction of a Hahn ternary field of
formal power series given in [12] to our special situation. Therefore, we consider
a division algebra K and a totally ordered loop ðG;  ; e;aÞ. For all a; b A G let
ma;b : K  K ! K be a biadditive mapping satisfying the following conditions:
. For all m; b A K with m0 0 there is a unique x A K with ma;bðm; xÞ ¼ b.
. For all x; b A K with x0 0 there is m A K with ma;bðm; xÞ ¼ b.
. me; eðm; xÞ ¼ m  x, ma; eðm; 1Þ ¼ m and me;bð1; xÞ ¼ x hold for all m; x A K .
In this case, the family ðma;bÞa;b A G is called a factor system with respect to K and G.
We define addition and multiplication on the set H by putting
ðfþ gÞðgÞ ¼ fðgÞ þ gðgÞ and ðf  gÞðgÞ ¼ P
ab¼g
ma;bðfðaÞ;gðbÞÞ
for all f;g A H and g A G. By [12, Satz 6] and [13, Satz 3 and Satz 4], ðH;þ; Þ is a
division algebra with 0 ¼ 0te and 1 ¼ 1te; moreover, ðH; vH;G0Þ is a valued division
algebra with vHðfÞ ¼ dHðf; 0Þ for all f A H.
Maximally valued division algebras 125
Bereitgestellt von | Universitaetsbibliothek der LMU Muenchen
Angemeldet | 129.187.254.47
Heruntergeladen am | 18.11.13 12:30
First, we want to state and prove the extension theorem for bilinear mappings al-
ready mentioned above. Therefore, we need a more general concept of a valued vector
space than that given in [17]. We consider a valued field ðK ; v;G0Þ and a vector space
V over K endowed with a group valuation k  k : V ! GV0 . Let  : G GV ! GV be
an operation of the group G on the set GV such that
g 0 < g 00 ) g 0  gV < g 00  gV and g 0V < g 00V ) g  g 0V < g  g 00V
hold for all g; g 0; g 00 A G and gV ; g
0
V ; g
00
V A G
V; we extend this operation to G0GV0 ! GV0
by putting g  0 ¼ 0 for all g A G0 and 0  gV ¼ 0 for all gV A GV0 . In this situation, we
call ðV ; k  kÞ a valued vector space over ðK ; vÞ, if
klxk ¼ vðlÞ  kxk
is satisfied for all l A K and x A V . We wish to remark that further assumptions are
necessary to ensure that V endowed with the topology Tkk induced by the valuation
k  k is a topological vector space over the topological field ðK ;TvÞ, where Tv is given
by the valuation v. For example, it is su‰cient to ask that G  gV is a coinitial subset
of GV for all gV A G
V.
Let ðX ; k  kX Þ, ðY ; k  kY Þ and ðZ; k  kZÞ be valued vector spaces over the valued
field ðK ; v;G0Þ. A mapping  : GX  GY ! GZ is called value-multiplication, if the
properties
g 0X < g
00
X ) g 0X  gY < g 00X  gY and g 0Y < g 00Y ) gX  g 0Y < gX  g 00Y
and
g  ðgX  gY Þ ¼ ðg  gX Þ  gY ¼ gX  ðg  gY Þ
hold for all g A G, gX ; g
0
X ; g
00
X A G
X and gY ; g
0
Y ; g
00
Y A G
Y ; again, we extend this value-
multiplication to GX0  GY0 ! GZ0 by defining gX  0¼ 0 for all gX A GX0 and 0  gY ¼ 0
for all gY A G
Y
0 . Then, a bilinear mapping f : X  Y ! Z is called strictly contract-
ing with respect to the value-multiplication , if
k f ðx; yÞkZ < kxkX  kykY
is satisfied for all 00 x A X and 00 y A Y .
Theorem 1. Let ðX ; k  kX ;GX0 Þ, ðY ; k  kY ;GY0 Þ and ðZ; k  kZ;GZ0 Þ be valued vector
spaces over the valued field ðK ; v;G0Þ and  : GX  GY ! GZ a value-multiplication.
Let U be a linear subspace of X and f : U  Y ! Z a bilinear mapping which is strictly
contracting with respect to ; let V be a linear subspace of Y with f ðx; yÞ ¼ 0 for all
x A U and y A V . If ðZ; dkkZ ;GZ0 Þ is spherically complete, then f extends to a bilinear
mapping F : X  Y ! Z which is strictly contracting with respect to  and satisfies
F ðx; yÞ ¼ 0 for all x A X and y A V .
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Proof. Let M be the set of all pairs ðU 0; f 0Þ where U 0 is a linear subspace of X con-
taining U and f 0 : U 0  Y ! Z is a bilinear extension of f which is strictly con-
tracting with respect to  and satisfies f 0ðx; yÞ ¼ 0 for all x A U 0 and y A V . Since
ðU ; f Þ AM, the set M is non-empty. Moreover, M is inductively ordered by
ðU 0; f 0Þa ðU 00; f 00Þ , U 0JU 00 and f 00jU 0Y ¼ f 0
and therefore contains a maximal element ðU0; f0Þ by Zorn’s lemma. In the follow-
ing, we show that the assumption U0PX yields a contradiction.
Let s A XnU0 and U1 ¼ U0lKsJX . For all u A U0 we define pu ¼ ks
 ukX A GX .
Let N be the set of all pairs ðV 0; g 0Þ where V 0 is a linear subspace of Y containing
V and g 0 : V 0 ! Z is a linear mapping with
g 0ðyÞ A ZpukykY ð f0ðu; yÞÞ for all u A U0 and 00 y A V 0
and g 0ðyÞ ¼ 0 for all y A V . By ðV ; 0Þ A N, the set N is non-empty. Moreover, N is
inductively ordered by
ðV 0; g 0Þa ðV 00; g 00Þ , V 0JV 00 and g 00jV 0 ¼ g 0
and therefore contains a maximal element ðV0; g0Þ by Zorn’s lemma. We now show
that the assumption V0PY is absurd.
Let t A YnV0 and V1 ¼ V0lKtJY . For u A U0 and y A V0 we define the ball
Bu;y ¼ ZpukyþtkY ð f0ðu; yþ tÞ 
 g0ðyÞÞ
and we show that the intersection of any two of these balls is non-empty. To this end,
let u; u 0 A U0 with pu a pu 0 and y; y 0 A V0. In the case u0 u 0 and y ¼ y 0 we have
kð f0ðu; yþ tÞ 
 g0ðyÞÞ 
 ð f0ðu 0; yþ tÞ 
 g0ðyÞÞkZ
¼ k f0ðu
 u 0; yþ tÞkZ < ku
 u 0kX  kyþ tkY a pu 0  kyþ tkY
and Bu;yJBu 0;y. In the case u ¼ u 0 and y0 y 0 we have
kð f0ðu; yþ tÞ 
 g0ðyÞÞ 
 ð f0ðu; y 0 þ tÞ 
 g0ðy 0ÞÞkZ
¼ k f0ðu; y
 y 0Þ 
 g0ðy
 y 0ÞkZ < pu  ky
 y 0kY
aMaxfpu  kyþ tkY ; pu  ky 0 þ tkYg
and Bu;y 0JBu;y or Bu;yJBu;y 0 . Finally, in the case u0 u 0 and y0 y 0 we obtain
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kð f0ðu; yþ tÞ 
 g0ðyÞÞ 
 ð f0ðu 0; y 0 þ tÞ 
 g0ðy 0ÞÞkZ
¼ kð f0ðu; y
 y 0Þ 
 g0ðy
 y 0ÞÞ þ f0ðu
 u 0; y 0 þ tÞkZ
aMaxfkð f0ðu; y
 y 0Þ 
 g0ðy
 y 0ÞÞkZ; k f0ðu
 u 0; y 0 þ tÞkZg
< Maxfpu  ky
 y 0kY ; ku
 u 0kX  ky 0 þ tkYg
aMaxfpu  kyþ tkY ; pu 0  ky 0 þ tkYg
and Bu 0;y 0JBu;y or Bu;yJBu 0;y 0 . Since ðZ; k  kZ;GZ0 Þ is spherically complete, there
exists
g1ðtÞ A
T
u AU0
T
y AV0
Bu;y:
Therefore, g1 : V1 ! Z is a linear mapping with g1jV0 ¼ g0 and satisfying
k f0ðu; yþ ltÞ 
 g1ðyþ ltÞkZ
¼ vðlÞ  kð f0ðu; l
1yþ tÞ 
 g0ðl
1yÞÞ 
 g1ðtÞkZ
< vðlÞ  ðpu  kl
1yþ tkY Þ ¼ pu  ðvðlÞ  kl
1yþ tkY Þ ¼ pu  kyþ ltkY
for all u A U0, y A V0 and 00 l A K . So we have obtained ðV1; g1Þ A N with ðV0; g0Þ <
ðV1; g1Þ, which is a contradiction.
Consequently, V0 ¼ Y holds and g0 : Y ! Z is a linear mapping with
g0ðyÞ A ZpukykY ð f0ðu; yÞÞ for all u A U0 and 00 y A Y
and g0ðyÞ ¼ 0 for all y A V . We define
f1ðxþ ls; yÞ :¼ f0ðx; yÞ þ lg0ðyÞ
for all x A U0, l A K and y A Y ; hence, f1 : U1  Y ! Z is a bilinear mapping with
f1jU0 ¼ f0 and
f1ðxþ ls; yÞ ¼ f0ðx; yÞ þ lg0ðyÞ ¼ 0
for all x A U0, l A K and y A V . Furthermore, for all x A U0, 00 l A K and 00 y A Y
we have
k f1ðxþ ls; yÞkZ ¼ vðlÞ  k f0ð
l
1x; yÞ 
 g0ðyÞkZ < vðlÞ  ðp
l
1x  kykY Þ
¼ ðvðlÞ  k
l
1x
 skX Þ  kykY ¼ kxþ lskX  kykY :
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Thus, we have ðU1; f1Þ AM with ðU0; f0Þ < ðU1; f1Þ contradicting the maximality of
ðU0; f0Þ.
Consequently, U0 ¼ X and we can define F ¼ f0. r
Due to the necessity of modifying the multiplication of a Hahn division algebra of
formal power series in an appropriate way, we need the following result. For an addi-
tive structure ðG;þÞ, we call a mapping f : G  G ! G biadditive, if the equations
f ðg; h 0 þ h 00Þ ¼ f ðg; h 0Þ þ f ðg; h 00Þ and f ðg 0 þ g 00; hÞ ¼ f ðg 0; hÞ þ f ðg 00; hÞ
hold for all g; g 0; g 00; h; h 0; h 00 A G.
Theorem 2. Let ðL;þ; Þ be a division algebra endowed with a spherically complete val-
uation v : L ! G0, and let j : L L ! L be a biadditive mapping satisfying
. jðm; 1Þ ¼ 0 and jð1; xÞ ¼ 0 for all m; x A L,
. vðjðm; xÞÞ < vðmÞ  vðxÞ for all m; x A Lnf0g.
Then ðL;þ; Þ with m  x ¼ m  xþ jðm; xÞ for all m; x A L is again a division algebra
endowed with the (spherically complete) valuation v.
Proof. For all m; n; x; u A L, we have
ðmþ nÞ  x ¼ ðmþ nÞ  xþ jðmþ n; xÞ ¼ m  xþ n  xþ jðm; xÞ þ jðn; xÞ
¼ ðm  xþ jðm; xÞÞ þ ðn  xþ jðn; xÞÞ ¼ m  xþ n  x
and
1  x ¼ 1  xþ jð1; xÞ ¼ x
and in an analogous way also
m  ðxþ uÞ ¼ m  xþm  u and m  1 ¼ m;
thus, it follows 0  x ¼ 0 and m  0 ¼ 0.
For all m; x A Lnf0g we have vðjðm; xÞÞ < vðm  xÞ and therefore
vðm  xÞ ¼ vðm  xþ jðm; xÞÞ ¼ vðm  xÞ ¼ vðmÞ  vðxÞ:
Finally, let m; b A L with m0 0. Since ðL;þ; Þ is a division algebra, there exists
f ðxÞ A L such that
m  f ðxÞ þ jðm; xÞ ¼ b:
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For all x; y A L with x0 y we have
m  f ðxÞ 
m  f ðyÞ ¼ ðb
 jðm; xÞÞ 
 ðb
 jðm; yÞÞ ¼ jðm; y
 xÞ
and therefore
vðmÞ  vð f ðxÞ 
 f ðyÞÞ ¼ vðjðm; y
 xÞÞ < vðmÞ  vðx
 yÞ;
hence, f : L ! L is a strictly contracting mapping of the spherically complete ultra-
metric space ðL; dv;G0Þ. By the ultrametric Banach’s Fixed Point Theorem [7, Satz 2],
there exists exactly one x0 A L such that f ðx0Þ ¼ x0, and we obtain
m  x0 ¼ m  x0 þ jðm; x0Þ ¼ b:
Similarly one proves that for all x; b A L with x0 0 there exists a unique m0 A L with
m0  x ¼ b. r
In the sequel, we consider a valuation v : N ! G0 of the division algebra ðN;þ; Þ
with value loop vðN Þ ¼ G, and we assume that N has the same characteristic as its
residue division algebra Nv ¼ Av=Mv with Av ¼ N eð0Þ and Mv ¼ Neð0Þ, i.e., N and
Nv have the same prime field P.
The division algebras N and Nv as well as the subgroups Av and Mv of N can be
regarded as P-linear spaces, and the canonical mapping
n : Av ! Nv; x 7! xþMv
is a P-epimorphism. So there exists a P-linear subspace K of Av containing P such
that njK : K ! Nv is a P-isomorphism. Therefore, K is a system of representatives of
the equivalence relation 1
e in Av, i.e., for all x A Av there is a unique k A K with
vðx
 kÞ < e.
Let ðH; dH;G0Þ be the Hahn space of formal power series f : G! K with dually well-
ordered support suppðfÞ ¼ fg A G j fðgÞ0 0g. For all g A G we choose elements ug A N
with vðugÞ ¼ g and ue ¼ 1.
For all dv-compatible equivalence relations s A1ðNÞ, the equivalence class
Vs ¼ ½0s ¼ fx A N j 0sxg
of 0 with respect to s is a P-linear subspace of N, and we have VsJVt for all
s; t A1ðNÞ with sJ t.
Let U be the P-linear subspace of N generated by fk  ug j k A K and g A Gg; for
all s A1ðNÞ, the P-linear subspace Us of N generated by fk  ug j k A K and g A G
with sP1gg is a P-linear complement of VsXU in U, and UtJUs holds for all
s; t A1ðNÞ with sJ t.
Then, according to Banaschewskis proof of [1, Lemma 4], there exists a family
ðzðVsÞÞs A1ðNÞ of P-linear subspaces of N with
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N ¼ Vsl zðVsÞ for all s A1ðNÞ;
K  ugJ zðVsÞ for all g A G and s A1ðNÞ with sJ1
m
and
zðVtÞJ zðVsÞ for all s; t A1ðNÞ with sJ t:
In particular, for all x A N there exist unique elements xs A Vs and xzs A zðVsÞ with
x ¼ xs þ xzs.
To define a distance-preserving mapping y : ðN; dv;G0Þ ! ðH; dH;G0Þ, let x A N
and g A G. Since K is a system of representatives of 1
e in Av, we have V1g ¼
V1
g lK  ug and therefore
N ¼ V1
g lK  ugl zðV1gÞ;
thus there is a unique representation
x ¼ x1
g þ bxg  ug þ xz1g
with x1
g A V1
g , bxg A K and xz1g A zðV1gÞ. By putting yðxÞðgÞ ¼ bxg we define a map-
ping yðxÞ : G! K with dually well-ordered support. Indeed, suppose there exists a
strictly increasing sequence ðgnÞn AN in the support of yðxÞ. Then s ¼
S
n AN1gn is a
dv-compatible equivalence relation, and we obtain
x
 xs ¼ xzs A zðVsÞJ zðV1gn Þ;
hence x1gn ¼ ðxsÞ1gn for all n A N. Since xs A Vs, there is n0 A N with xs A V1
gn0 ,
which yields
x1gn0
¼ ðxsÞ1gn0 ¼ xs A V1
gn0
and therefore yðxÞðgn0Þ ¼ 0, a contradiction to gn0 A suppðyðxÞÞ.
Consequently, the mapping y : N ! H is well-defined, and we observe that
dvðx; yÞ ¼ dHðyðxÞ; yðyÞÞ for all x; y A N:
In particular, this implies that y is injective. Since we have
yðk  ugÞ ¼ ktg for all k A K and g A G;
ðyðNÞ; dH;G0Þ  ðH; dH;G0Þ is an immediate extension of ultrametric spaces.
Next, we define addition and multiplication on H, such that ðH; vH;G0Þ becomes a
valued division algebra. Hereby, we rely on the construction of a Hahn division al-
gebra presented above.
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First, we have to endow K with a multiplication  such that ðK ;þ; Þ becomes a
division algebra. Since KJAv ¼ KlMv holds, for all m; x A K we obtain unique
elements m  x A K and r AMv such that
m  x ¼ m  xþ r
is satisfied. Thus, ðK ;þ; Þ is a not necessarily associative ring with unit 1.
Let m; b A K with m0 0. Since N is a division algebra, there exists h A N with
m  h ¼ b;
and since h A Av there are x A K and s AMv with h ¼ xþ s. Then, by definition of ,
there is r AMv with m  x ¼ m  xþ r, which yields
K C b
m  x ¼ m  h
m  xþ r ¼ m  sþ r AMv
and therefore
m  x ¼ b:
For all y A K with m  y ¼ b it follows m  ðx
 yÞ ¼ 0, hence x ¼ y. In a similar way
we obtain that for all x; b A K with x0 0 there is a unique m A K such that m  x ¼ b
holds. Thus, ðK ;þ; Þ is a division algebra.
For all a; b A G andm; x A K there exist unique elements ma;bðm; xÞ A K and r A V1
ab
such that
ðm  uaÞ  ðx  ubÞ ¼ ma;bðm; xÞ  uab þ r
holds. With the same arguments as above one proves that the family ðma;bÞa;b AG
of mappings ma;b : K  K ! K is a factor system with respect to K and G. We now
endow H with the corresponding division algebra structure and with the spherically
complete valuation vH.
By construction, y is P-linear, and vHðyðxÞÞ ¼ vðxÞ holds for all x A N. Moreover,
ðyðNÞ; vH;G0Þ and ðH; vH;G0Þ can be regarded as valued vector spaces over the (trivially
valued) field P. The mapping
j : yðNÞ  yðNÞ C ðyðmÞ; yðxÞÞ 7! yðm  xÞ 
 yðmÞ  yðxÞ A H
is P-bilinear, and by yð1Þ ¼ 1 we have jðyðmÞ; 1Þ ¼ 0 and jð1; yðxÞÞ ¼ 0 for all
m; x A N.
Furthermore, for all m; x A N with vðmÞ ¼ a and vðxÞ ¼ b we have unique repre-
sentations
m ¼ ma  ua þm 0; x ¼ xb  ub þ x 0 and m  x ¼ yab  uab þ y 0
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with ma; xb; yab A K and m 0 A V1
a , x
0 A V1

b
, y 0 A V1

ab
. Then
m  x ¼ ðma  ua þm 0Þ  ðxb  ub þ x 0Þ
A ðma  uaÞ  ðxb  ubÞ þ V1

ab
¼ ma;bðma; xbÞ  uab þ V1
ab
yields
yab ¼ ma;bðma; xbÞ:
By
jðyðmÞ; yðxÞÞ ¼ yðm  xÞ 
 yðmÞ  yðxÞ
¼ ma;bðma; xbÞtab þ yðy 0Þ 
 ðmata þ yðm 0ÞÞ  ðxbtb þ yðx 0ÞÞ
we obtain
vHðjðyðmÞ; yðxÞÞÞ < vHðyðmÞÞ  vHðyðxÞÞ;
hence, j is strictly contracting.
By Theorem 1, successively applied to both arguments of j, there exists a P-bilinear
and therefore biadditive extension F of j to H H! H which is strictly contracting
and satisfies Fðm; 1Þ ¼ 0 and Fð1; xÞ ¼ 0 for all m, x A H.
By Theorem 2, ðH;þ; Þ with m  x ¼m  xþFðm; xÞ is a division algebra with
the spherically complete valuation vH. For all m; x A N we have
yðm  xÞ ¼ yðmÞ  yðxÞ þ jðyðmÞ; yðxÞÞ ¼ yðmÞ  yðxÞ;
thus y is a value-preserving monomorphism of division algebras from ðN;þ; Þ to
ðH;þ; Þ. Hence, ðyðNÞ; vH;G0Þ  ðH; vH;G0Þ is an immediate extension of valued divi-
sion algebras.
With these considerations we have shown the following
Theorem 3. Let ðN; v;G0Þ be a valued division algebra having the same characteristic as
its residue division algebra. Then the following assertions hold:
1. ðN; v;G0Þ is maximal, i.e., without any proper immediate extension of valued division
algebras, if and only if ðN; dv;G0Þ is spherically complete.
2. ðN; v;G0Þ possesses a maximal immediate extension, and every maximal immediate
extension of ðN; v;G0Þ is spherically complete.
This result generalizes [15, Satz 5], which characterizes the valued division algebras
admitting an embedding into an appropriate Hahn division algebra of formal power
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series. Finally, [14] gives an example of a division algebra of characteristic 0 with a
maximal discrete valuation, i.e., GGZ, which cannot be regarded as a Hahn division
algebra.
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